
Effect of Adsorption on the Optimal 
Displacement of Acidic Crude Oil by Alkali 

Recovery of acidic crude oil from porous media can be enhanced by 
injection of alkaline agents. For this process we have analyzed the 
detrimental effect of alkali adsorption on the mineral surface. The 
model, which is an extension of our earlier inert solid model, was 
formulated by conserving three independent species. The previous 
solution procedure is shown to fail and a new analysis of composition 
paths is necessary. By introducing the notion of critical point, a 
short-cut procedure is developed. 

The predicted profiles and effluent histories are discussed. A new 
result is that adsorption on the solid surface could change the ultimate 
recovery even for an infinite slug of alkali due to the reduced influence of 
the optimal region in displacing oil. Further, the influence of a favorable 
viscosity ratio in displacing oil is also shown to be reduced by 
adsorption. 
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Introduction 
The injection of alkaline agents into permeable media to 

enhance recovery of acidic crude oil is termed as the high-pH 
injection/flooding process. Surfactants generated in situ due to 
the neutralization of the acid by the alkali is largely responsible 
for the enhanced recovery. To describe this method of stimu- 
lated waterflooding, a fractional flow model was developed by 
Ramakrishnan and Wasan (1989). Although their model ac- 
counted for alkali/acid interactions along with relative perme- 
ability variations due to capillary number changes, the solid 
surface was considered to be chemically inert. Thus, chemical 
reactions of the pore fluids with the reservoir rock was unac- 
counted for. The solution to the simplified model indicated that 
for favorable viscosity ratios the low interfacial tension region at  
intermediate sodium concentrations (optimal region) ensures a 
substantial recovery of oil, despite a comparatively high interfa- 
cial tension value between a solution of injection composition 
and the crude oil. 

The purpose of the present study is to consider mineral/alkali 
interactions and identify whether they affect the influence of the 
optimal region in recovering oil. It is shown that a straightfor- 
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ward extension of the inert solid model analysis is not possible 
due to changes in the mathematical nature of the solution. An 
alternative procedure that permits the construction of mathemat- 
ically and physically admissible solution is therefore employed. 

Despite the fact that the study of rock/alkali interactions is 
important for a successful design of high-pH flooding, this 
aspect of the process remains inadequately quantified. A major 
reason is that the mineralogy and the lithology of naturally 
occurring porous media are complex. 

The number of possible mineral/alkali reactions is consider- 
able. It is possible, however, to broadly classify them according 
to both the reversibility and the rapidity of the reactions. The 
major reversible reaction is the sodium/hydrogen ion exchange 
(Bunge, 1982). This reaction is rapid (Lieu et al., 1982) and 
contributes to a chromatographic type of lag in the alkaline 
front (Bunge, 1982). In addition, a reversible Ca-Na ion 
exchange is possible. This releases Ca2+ and can cause precipita- 
tion of Ca(OH),; these reactions have also been assumed to be 
rapid (Bunge and Radke, 1982). In contrast, slow reaction rate 
processes also occur, as the experimental studies by many other 
investigators have shown (Bunge and Radke, 1982; Sydansk, 
1982; Dehghani and Handy, 1984; Mohnot et al., 1985; Lieu et 
al., 1985). These studies suggest that reservoir silicate materials 
can undergo slow dissolution that can become important over 
typical reservoir time scales. Although dissolved silica can act as 
a buffer, thus contributing to alkalinity in spite of caustic 
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consumption (Mohnot et al., 1985) when Al-containing miner- 
als are present, aluminosilicates may precipitate. This precipita- 
tion, it appears, leads to irreversible hydroxide consumption 
(Mohnot et a!., 1985). Simultaneously, slow mineral dissolution 
reactions leading to the presence of Ca2+, Mg2+, SO,,-, and 
C 0 , 2 -  can also occur (Lieu et al., 1985). Subsequently, they can 
cause Ca(OH),, calcium, and magnesium silicates to precipi- 
tate. 

The vast array of reversible and irreversible, slow and fast 
reactions suggest that extensive studies are required to arrive at  
a reasonable quantification of mineral/alkali interactions. Need- 
less to say, the crude oil/alkali reactions also lead to products 
that can react with many of the components due to mineral 
dissolution. In view of a great amount of uncertainty involved 
and to keep mathematics within the scope of analysis, we 
consider the major mineral/alkali interaction for which quanti- 
tative relationships are available. This is the sodium/hydrogen 
weak ion exchange. As observed by deZabala et al. (1982), 
despite the reversibility of this reaction, its rapidity causes a 
chromatographic delay that retards the onset of oil production 
and increases water to oil ratio in the produced fluid. The 
purpose of this paper is not to reemphasize their earlier 
conclusions, but mainly to find whether the conclusion of 
Ramakrishnan and Wasan (1989) regarding the role of low 
interfacial tension at  intermediate sodium concentrations is 
altered in any way. Any alteration will have serious implications 
in the design of the injection process. 

Complementing the practical importance in including mineral/ 
alkali reversible interaction is the mathematical solution of the 
process. Our analysis shows that naive graphical constructions 
based on the Buckley-Leverett ideas are inadequate. Therefore, 
explicit discontinuity curve constructions are necessary to obtain 
the necessary profiles and history. It is found that the equations 
for the discontinuity curves introduce the notion of critical point 
which can be exploited in developing simple numerical proce- 
dures. In fact, the critical point is crucial to obtaining the 
composition route. In addition, the physical conclusion of the 
model relies on the existence of the critical point, since adsorp- 
tion reduces not only the rate of oil production but also the 
ultimate amount of oil recovered, in spite of injecting an infinite 
slug of alkali. 

Alkali/Acid Interaction Equilibria 
Interactions among the acids in the crude oil and the NaOH 

in the flood water have to be known before we write the 
conservation equations for the different components present in 
the system. The alkali/acid reaction equilibria have been 
discussed in detail by Ramakrishnan and Wasan (1983, 1989) 
and are described here for the purpose of completeness. 

The acids in the crude oil are represented by a single- 
component HA whose distribution between the oleic and aque- 
ous phases is represented by 

where o and w denote oil and water; C,, the concentration i; K,, 
the distribution ratio, which has typically a value of lo4. The 
dissociation of acid in the aqueous phase is given by HA, + 

H,O * H,O+ + A M ,  the corresponding dissociation constant 
being 

Addition of alkali in the aqueous phase leads to a reduction in 
H,O’ governed by 

(3) 

where K ,  is the dissociation constant for water. The repartition- 
ing of the species A to the oil phase is described by N a +  + A- F! 
NaA,, and NaA, 2 NaA,, where the equilibrium constants 
satisfy 

and 

(4) 

The redissolution of species A causes the interfacial tension to 
rise above a certain concentration of NaOH in batch systems. 
This intermediate concentration may therefore be termed 
“optimum” for high pH flooding. 

MineraVAlkali Adsorption Isotherm 

be modeled as (Bunge and Radke, 1982) 
With the mineral site labeled a, the reversible exchange can 

- 
M - H + Na’ + H 2 0  F? - N a  + H 3 0 f .  

Bunge (1  982) measured hydroxyl ion consumption through this 
reversible reaction for Wilmington field sand and found that the 
adsorption isotherm representing hydroxide consumption was 
Langmuirian at  a given NaCl concentration. The isotherm she 
obtained may be written as 

where TiNa is the adsorbed Na in moles per unit volume of solid 
that leads to hydroxide consumption (Na adsorbed in excess of 
that due to NaCl), and Ti,  is the saturation adsorption. Here 
both ii, and the exchange equilibrium constant K, are assumed 
to be functions of C,,- and T, temperature. By keeping the initial 
concentration of NaCl the same as the injection concentration, 
we are justified in using C,, as parameter = C,. The adsorption 
isotherm given by Eq. 7 expresses TiNa in terms of CNa+ - C, 
rather than C,,, - CH,O+ as proposed by Bunge (1982) and 
Bunge and Radke (1982) only to reflect the nature of the 
adsorption ion exchange. From a charge balance, it is seen that 
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Figure 1. Reversible sodium ion exchange isotherm. 

our form and Bunge's are equivalent. Since the medium is 
assumed to be water-wet, it is taken for granted that Eq. 7 holds 
in exactly the same form even in the presence of oil. This also 
means that we ignore any effect that the neutralization reaction 
may have on altering the empirically obtained adsorption 
isotherm of Eq. 7 .  Moreover, it is assumed that no other species 
including A adsorb on the mineral surface. 

The constants K,(C,, T )  and Ti,(C2, 7') are obtained by a least 
square fit to Bunge's (1982) data a t  a given temperature and 
NaCl concentration. A solid specific gravity of 2.5 was used 
throughout. Both the least squares curves and Bunge's data are 
shown in Figure 1. For interpolation purposes we used 

and 

(9) 

where an- and aC2 are constants obtained through data a t  325.5 
K with C(., = 0 and 1 wt. %. Only at  this temperature was 
varying salinity data obtained by Bunge (1982). The functions 
Ti,(O, T )  and K,(O, 7') were assumed quadratic with respect to 
T.  

Formulation of the Problem 
We make the assumptions discussed below for deriving the 

governing conservation equations. The porous medium is pre- 
sumed to be nondeformable, ideal (Ramakrishnan, 1985), 
isothermal and water-wet. We restrict ourselves to a linear, 
one-dimensional problem. Both oil and aqueous phases are taken 

to be incompressible. Given the low velocity of the fluid 
displacement, we assume that local equilibrium exists both for 
fluid-fluid and solid-fluid chemical interactions. The equilibrium 
constants are considered to be insensitive to pressure. We do not 
account for emulsions. Also, hydrodynamic dispersion and body 
forces are neglected. It is taken for granted that continuum 
hypothesis could be used. Moreover, the displacement process is 
considered to be stable. 

Since emulsion formation is neglected, only two-phase flow 
need to be considered. We will use the fractional flow theory to 
describe the movement of the two phases where the fractional 
flow of a given phase is defined to be the superficial velocity of 
that phase divided by the total velocity. The fractional flow 
equations are assumed to correspond to that of a pseudosteady 
displacement process at a given capillary number. The expres- 
sions we use in this work were obtained from the relative 
permeability equations of Ramakrishnan and Wasan (1986). 
For a detailed discussion on this aspect we refer the reader to 
Ramakrishnan (1985). For our purpose here, it is sufficient to 
know that once the local capillary number is known, it is possible 
to obtain fractional flow of oil and vater through the relative 
permeability equations mentioned above. 

As presented earlier we shall hold the chloride ion concentra- 
tion as a parameter for the problem. We will also regard that the 
concentration level of chemical agents such as species A and Na 
are low enough that both CHl0 and C, may be regarded as 
constants. The same is assumed to be true for the phase 
densities. Then there are three independent conservation equa- 
tions. These are for hydrogen and oxygen, Na, and species A 
(Ramakrishnan and Wasan, 1989). Because of the diluteness of 
the chemical components, conserving hydrogen and oxygen is 
the same as conserving water and is 

where dJ is the porosity, S ,  is the saturation of aqueous phase, t is 
the time, x is the distance in the macroscopic flow direction, f, is 
the fractional flow to water (aqueous phase) and Vis the overall 
superficial velocity. A similar equation may be written for oil 
solvent species. This, when added to Eq. 10, leads to the 
conclusion that the velocity V is a function of t alone. For the 
sake of simplicity, we shall henceforth consider only the case 
where V is kept constant. For Na conservation, in view of the 
small amount of acid usually encountered in crude oils, we may 
assume that the consumption due to the neutralization reaction 
is small. Thus, conserving sodium leads to 

The system chemistry as presented above implies that most of 
species A is present either as HA, or NaA, (Ramakrishnan and 
Wasan, 1983, 1989). Therefore species A conservation gives 
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We now define the normalized surfactant concentration to be C2 is the injection concentration of NaCl and is equal to Ccl- and 
will be held as a parameter. C2,is a reference concentration fixed 
at  1 wt .%NaClor  171.11 mol 

Knowing CA- and C,, the interfacial tension is evaluated from 
a set of coupled equations. These equations arise from the 
adsorption isotherm and equation of state for the surface 
(Ramakrishnan and Wasan, 1983) and are: 

m-3. 
(13) 

C H A ,  + CNaA, 
6, = 

 HA,), ’ 

and normalized sodium concentration to be 

where C,, is arbitrarily fixed at  250 mol - m-3 ( = 1  wt. % 
NaOH). Writing dimensionless time as T = t V / Q  where L is 
the length of the medium and dimensionless distance z as x / L  
and using Eq. 10 to simplify Eq. 1 1 and 12 we get 

\a nrnax) 

where 

k,  = adsorption rate constant 
k,  = desorption rate constant 

nA- = moles of A- per unit area at  the interface 
nmax = maximum number of moles that can be adsorbed per unit 

area of the interface 
W = energy barrier for desorption 
N = Avagadro number 
t = electronic charge 

$(O) = sublayer potential 
R = gas constant 

The sublayer potential is (all equations with permittivity are 
presented in SI units): 

d f w  

a 6 A  

1 - f w  

1 - sw 

0 

- 

= 0. 

where 

where 

k = Boltzmann constant 
t, = relative permittivity of the medium 
to = permittivity of vacuum 

and 

To calculate interfacial tension y, we use the interface 
equation of state which is 

According to the interfacial activity model presented by 
Ramakrishnan and Wasan (1983), only species A- adsorbs in 
significant quantity a t  the water-oil interface. The resulting 
reduction in interfacial tension is determined by CA- and C,, the 
electrolyte concentration. From the equilibrium chemistry these 
are 

1 0 1 - n~ I n m a x  
y - yo = RTnmax In 

where yo is the “clean” water-oil interfacial tension. Thus, once 
the concentrations 6, and PNa are known using Eq. 20 to 25, we 
may calculate oil-water interfacial tension. This can then be 
used to simultaneously calculate a unique value of both the 
capillary number and the fractional flow for a given overall 
superficial velocity Vand saturation (for details see Ramakrish- 
nan, 1985). 

To complete the formulation we now specify the initial 
conditions. We shall call the initial condition for z < 0 as the 
injection state. This is given by 

(26) 
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where &, = C , / C , ,  and C, is the injection concentration of 
NaOH. The initial state is the initial condition for z 7 0 and is 

injected into a predominantly oil filled medium, and 

r(‘) = dl 
(28) 

(33) 

- a f w  \ 

f w  - a f w  

a h a  
0 (34) 

for tertiary recovery, where the alkali is injected following 
several pore volumes of brine injection (waterflood). In the 
above equations S , ,  is the residual water saturation and go,, is 
the maximum residual oil saturation which is the same as the 
waterflood residual oil saturation starting from an initial condi- 
tion corresponding to Eq. 27. 

The problem posed by the differential equation system (Eq. 
15), along with Eqs. 16 to 25, the initial conditions, and the 
fractional flow equations constitute a Riemann problem (for 
recent discussions on this subject, refer to Dafermos, 1983; 
Ramakrishnan, 1985). The Riemann problem possesses solu- 
tions which are functions of Z/T alone and may be solved by the 
method of generalized Riemann invariants. This method is 
discussed in detail in the above-mentioned references. The 
following sections therefore presume that the reader is familiar 
with this method and the earlier results of the problem where 
adsorption effects on the solid surface were not included. 

Analytical and Numerical Results 

where I is an arbitrary parameter. The right eigenvectors, when 
integrated, give rise to the simple wave curves of the three 
families and for convenience are denoted I’(k). k is assigned a 
value from one to three depending on the magnitude of the 
eigenvalue associated with the simple wave curve at the point of 
interest in the dependent variable space (a larger number 
implies a higher eigenvalue). Analogous to the nomenclature for 
eigenvalues and eigenvectors we also use the indices of p ,  q and r 
to denote the simple wave curves associated with a particular 
family. 

The differential form for the simple wave curves given by Eqs. 
32 to 34 implies that no more than two dependent variables can 
change along a simple wave curve. Moreover, one of the two 
variables is S,. Therefore, we analyze (P, Q )  and (P, R )  
composition planes independently. The ( P ,  Q) planes consist of 
p and q simple wave curves at  a fixed SNa.  The (P, R )  planes 
consist of p and r simple wave curves at  a fixed 6,. 

Discontinuity curves for the three families are obtained by 
satisfying the Rankine-Hugoniot conditions (Jeffery, 1976). 
These are 

The coefficient matrix in Eq. 15 is now denoted A(u) .  u is the 
column vector of dependent variable elements which are S,, 6, 

A(P) = ft-fl :  ~. pp - p m .  and (Ih,,. The eigenvalues ofA are 1 Na - N a ,  6 = 67, (35) sp, - s,m 

1 - f w  
X(4 )  - 

1 - S w ’  

and and 

J-: 
eigenvalue and may take on values from one to three where the 

- - smallest index denotes the smallest eigenvalue. The correspond- = fl: 
4 

(1 + TPPN,)(l + T G a )  s:: + 4 
(1 + TppNa)(1 + <%a) 

ing right eigenvectors (dS,, d6,, &,.,JTof thep,  q and r family sp, + are 

l$ = 6,”. (37) 

r(P) = dl [I, (32) Here superscripts p and m stand for plus and minus sides of the 
discontinuity. By convention, the plus side is the one toward 

AIChE Journal May 1990 Vol. 36, No. 5 729 



which the discontinuity propagates. The last result in Eq. 37 is 
different from the inert solid model, because A(r) is modified to 
account for Na adsorption. This is what gives rise to the 
interesting mathematical properties of system 15. 

Simple wave curves 
The values of the parameters held constant for all computa- 

tions were those of Long Beach crude (Ramakrishnan and 
Wasan, 1983). Thus, K,/K, = 5 x lO-'*mol. m--3, K, = 0.175 
mol . m-3, W = 13 CH, groups, C'HA,), = 34.875 mol - m-3, 
yo = 31.6 mol a m-I, and T = 298 K. The residual water 
saturation was 0.1. The waterflood residual oil saturation was 
kept a t  0.3. Fixing a value of C, or ENa also fixes the parameters K 

and .( through Eq. 8 and 9. Rather than using K and { as 
independent parameters, we employ the interpolated data of 
Bunge and Radke (1982) on Wilmington field sand in all our 
computations. For u,  we used a value of 4 which is equivalent to a 
C#J of 0.2. The numerical procedure for computing simple wave 
curves is the same as that in Ramakrishnan and Wasan (1989). 

As anticipated, no essential differences were observed in the 
( P ,  Q )  composition plane at  a PN, = 1, when ion exchange was 
included. Thus, the p-field is a line field and the q-field is 
exceptional (Liu, 1974). As we already know, the ( P ,  Q) 
composition plane permits us to introduce a zero velocity 
discontinuity in 6, from 0 to 1 a t  an aqueous-phase saturation of 
one. This can then be combined with a zero velocity p -  
discontinuity. The extent of this discontinuity is dependent on 
the ( P ,  R )  composition plane which we now proceed to discuss. 

From the earlier work (Ramakrishnan and Wasan, 1989), we 
known that the relevant plane for the deduction of composition 
route is the ( P .  R )  composition plane at  a 6, = 1. This plane is 
shown in Figure 2. In this figure, arrows show the direction of 
increasing eigenvalue for the corresponding field, whereas a 
sinusoidal notation on the simple wave curve implies that the 
eigenvalue is a constant as one proceeds along the wave curve. A 
circle on the sinusoidal notation indicates that the constant value 
is zero. The composition route consists of wave curves which 
connect state do) to either us+ (secondary recovery) or u,+ 
(tertiary recovery) as the case may be. The state do) itself is 
connected by zero velocity discontinuity to the injection state in 
the ( P ,  Q) plane as stated above. The upright and the inverted U 
structures of the r-simple wave curves are retained in the 
presence of adsorpt ion d u e  to  the  under -opt imum 
[ (a f , , ) / (aPN,)  < 01 and over-optimum [ ( a f , ) / ( a P N , )  > 01 
regions. Wherever the r-simple wave curves are vertical, (8fu,)/ 
(a@,,) = 0 (the optimal region), and wherever p -  and r-simple 
wave curves are tangential, A'") is equal to A'". 

In spite of the close similarity between these r-simple wave 
curves and those of the previous work of Ramakrishnan and 
Wasan (1989) (shown in Figure 3) we note some drastic changes 
in the neighborhood of the curve on which A ( p )  = A") as well as 
(dfW)/(a@,,) = 0. A numerical solution on this curve using Eq. 
34 is meaningless because r'') is identically zero. However, we 
can resort to the original partial differential equations to deduce 
the acceptable simple wave curves. This shows that in the region 
where [(df,)/(dp,,)] = 0, not only are vertical lines (constant 
S, )  acceptable, but also the curve along which A(p1 = A'". Below 
the A(p)  = A'') curve the vertical lines are I?*), whereas above the 
h i p )  = A(') curve they become I'(31. One such vertical line is shown 
in Figure 2 for illustration. Analogous to the case of zero 
adsorption, we have also marked upper and lower critical points. 

Figure 2. (P, R )  composition plane with reversible ion 
exchange. 
-p'),-- -p _____ r' 1 )  

N , ,  = 4 I O - ~ , M ,  = i , b ,  = ~ , f , , ~  = i 
- 

From the ( P .  R )  composition plane it is evident that a 
dilemma arises in the contruction of the compostion route. In  
proceeding from state d") we see that an infinite number of 
simple wave curves exist to reach ,Bha = 0 from a ,BNa = 1 
(& = 1 is taken as an example). Each vertical line crossing the 
A'p' = A"' curve gives rise to a different simple wave curve with 
different states d ' )  and d2' where u ( ' )  and u") are the intersec- 
tion point of the selected I'"' curve with the lines Pha = 1 and 
PNa = 0, respectively (see Figure 3). Furthermore, the A@) = A(') 
curve can also be used. 

A closer examination of r-simple wave curves resolves the 
dilemma of composition route construction at  least temporarily. 
Unlike the case of zero adsorption where it was found that the 
r-field was exceptional, Figure 2 shows that A"' increases 
wherever ,Bha increases along a simple curve. Accepting this 
numerical result momentarily and using Liu's (1 974) condition 
as the basis, it is readily seen that an r-simple wave construction 
fails for states on the left (toward injection state) having a 
higher Phis than those on the right (toward initial state). For such 
cases, we know that discontinuity curves have to be used to 
obtain the composition route. It is, however, unclear whether a 
unique solution would result from an analysis of discontinuity 
curves. 

The numerical result that A'" increases whenever ljNa in- 
creases along an r-simple wave curve can be verified analytically 
through Eq. 31. Taking the total differential we get 
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as S and f as F. Thus, 

AQUEOUS PHASE SATURATION 

Figure 3. (P, R )  composition plane with no ion exchange. 

~ , , = 4 x  1 0 - ~ , ~ , , = 1 , ~ , = 1 , 5 , , = 1  
p'' ---p ---rill 

- 

Whenever Eq. 34 is valid, the first two terms in Eq. 38 cancel 
each other. When Eq. 34 is not meaningful A(+') = A"' and 
(df,)/(ap,,) = 0. Hence for either case 

Since A"' > 0, K > 0, &a < 0, we have the result that along an 
r-simple wave curve dA"' > 0, whenever dPNa > 0; or A") is a 
monotonically increasing function of PNa along an r-simple wave 
curve. Thus, based on this result, a continuous solution in which 
the N a  concentration varies is impossible. Only discontinuities 
are acceptable. Moreover, these discontinuities are not excep- 
tional, i.e., they will be sustained in spite of dispersion. 

r-discontinuity wave curves 
The r-discontinuity curves in the (P .  R )  composition plane 

obey Eq. 37. Unlike the simple wave curves, they change with 
the fixed state a t  which the parameter I along a discontinuity 
curve is equal to zero. Since we know that the initial state has a 
PNa = 0, let us attempt a t  generating only those r-discontinuity 
curves which have fixed states on the PN, = 0 axis. With = 
0, Eq. 3 1  can be expressed as 

Since the state p is kept fixed and the aim is to obtain the 
discontinuity curve by finding states m that satisfy Eq. 40, the 
superscripts rn and p are removed. We denote the fixed state SP, 

Given an S,  F is known and therefore Eq. 41 is a relationship 
between S ,  and PNa. This should yield a curve in the (P .  R )  
composition plane. The difficulty in directly obtaining the 
discontinuity curve is that given a PNa multiple roots of S,  are 
possible for Eq. 41. Moreover, for certain PNak a root may not 
exist for S,. To deal with such cases it is instructive to derive a 
differential equation for PN, from Eq. 41. 

Differentiating Eq. 41 with respect to S ,  gives 

Utilizing the chain rule 

(43) 

in the (P, R )  composition plane, Eq. 42 yields 

where 

Equation 44 is very similar to the differential equation for the 
r-simple wave curve given by Eq. 34. However, for discontinuity 
curves, even when (af,)/(ap,,) = 0, dS, may be nonzero due to 
the second term in the denominator. Indeed, it is this term which 
causes the deviation of the discontinuity curve from the simple 
wave curve. This is expected in view of the fact that the 
r-characteristic field is neither an exceptional field nor a line 
field (Temple, 1983). 

The numerical technique for generating the discontinuity 
curve is to integrate Eq. 44 from PNa = 0, S ,  = S (for details see 
Ramakrishnan, 1985). However, it was usually found that after 
a few steps of integration the discontinuity relation (Eq. 41) 
itself was not satisfied accurately. In view of this, after a 
sufficient number of steps it is necessary to use the integrated 
solution as a starting guess and an S,  for the given PNa that 
satisfies Eq. 41 has to be iterated for. The algorithm used for this 
purpose is written so that there would be little difficulty when 
there is a double root. As indicated by the differential form of 
the discontinuity curve, double roots occur if A(') = A(") for some 
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value of Sw, provided: 

At such points, the r-discontinuity curve becomes tangential to 
thep-wave curve. If no S,  satisfying Eq. 41 is found, the value of 
the numerically integrated is reduced and the proper value 
of S,  satisfying Eq. 41 is found. 

The point, where the numerator and the denominator of Eq. 
44 become zero, is the critical point for the autonomous system 

and 

and is reached only when I -  CD. Therefore, to obtain the critical 
point the system 

and Eq. 41 has to be simultaneously solved. This gives the three 
unknowns PNa and S,  at  the critical point and the saturation S. 
The complete discontinuity curves passing through the critical 
point are obtained by starting from the critical point, making 
small changes in PNd and S,, satisfying Eq. 41 and proceeding 
with the method discussed earlier for obtaining the discontinuity 
curves. Four different curves starting from the critical point with 
S = S' can be obtained. As an example, consider a small 
increase in both PNa and Sx,. Doing so would make: 

and 

Integrating from this point, Eq. 44 would continue to increase 
both pNd and S ,  at  least for a small neighborhood of the critical 
point. Similarly decreasing both DNA and S ,  would cause A(r) to 
be less than and 

to be less than zero so that numerical integration causes both PNa 
and S ,  to decrease. For this curve S, at  PNa = 0 is denoted s'. By 
reversing the signs of both the numerator and the denominator 
in Eq. 44, two more discontinuity curves can be constructed. 

Figure 4 shows the ( P ,  R )  composition plane in which 
r-simple wave curves have been replaced by r-discontinuity 

"(I) y- 

mUEOUS PHASE SNURATION 

Figure 4. r-discontinuity curves at 1 wt. YO NaCI. 
-Ac')>A(q) < X ( P )  
- 
N," = 4 x 10 ',Me = ] , a A  = l,[v'3 = 1 

curves. Only the two relevant p-wave curves, one at  PNa = 0 and 
the second at  PNa = 1 are shown. These are drawn as solid lines, 
whereas the r-discontinuity curves are marked as dashed or solid 
lines depending on whether A(') i or A''' > X I P ) .  This is 
sufficient to identify possible composition routes. Since the 
discontinuity curves depend on the fixed state, fixed states are 
marked with circles around them. Evidently, only those curves 
originating from PNa = 0 are shown. 

Based on numerical computations, the arrows on the r- 
discontinuity curves show the direction of increasing A(r). When 
F = 0, the value of A(r) remains zero. From Figure 4 it is clear 
that A'" monotonically increases with PNa. This can be verified 
by deriving the total differential of A"' from 

along the r-discontinuity curve. This is 

It is obvious from Eq. 5 1 that dil(') > 0, if  dpNa > 0. Liu's (1974) 
condition for admissible discontinuities can now be applied. Let 
us suppose that I is the negative arc length along r-discontinuity 
curve. Say I = I" = 0 at pN, = PP,, and I = I" at  PNa = P:a. As 
mentioned earlier, superscripts p and m refer to the plus 
(downstream) and minus (upstream) states, respectively. From 
Liu's condition and Eq. 51, we arrive at the important conclu- 
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sion that for an r-discontinuity to be admissible 

that is, the upstream sodium concentration will be higher than 
the downstream value. 

Composition route  
The sequence of wave curves forming the composition route is 

apparent now. In principle, the main difference from the case of 
no adsorption is the r-wave curve. To recap, in the (P, R )  plane 
which is used following the jump to state u(') from u- in the 
(P, Q )  plane, we proceed on the zero velocityp-wave curve. This 
p-discontinuity has a A = 0 and is traced on the BNa = @La line. 
For the purpose of the discussion, it is assumed that @La = 1.  

The zero velocityp-wave curve is used until either u( ' )  or u(") is 
reached, depending on which one of the two states has a larger 
S,. u ( ' )  is the point where the p-wave curve of PNa = 1 and the 
r-wave curve through the critical point intersect. The point u(") 
on PN, = 1 is where just becomes zero as we increase S,  
from SrM,. In Figure 4 the point u(") has a S,  which is slightly less 
than that of d ' ) .  In such cases, the nonzero velocity p-wave curve 
is absent and we switch to the r-wave curve at  d') .  If u( ' )  had a 
smaller S,  than at  u(") we would have constructed a p-wave 
curve with A('') > 0 until we reached u( ' )  and then switched to the 
r-wave curve. This, for example, is the situation for a lNa = 0.5 
and @La = 1 (see Figure 5). The curves are similar to the tNa = 1 
case, except that a p-wave (simple wave) curve with > 0 is 
present between d ' )  and d"). 

For both of the cases discussed above, from the p-wave curve 
at  u ( ' )  the r-wave (discontinuity) curve passing through the 

PauEous PHASE SATURATION 

Figure 5. r-discontinuity curves  at 0.5 wt. 70 NaCI. 
~ AS'' > ),"4), - - -A(') < ),(P) - N,, = 4 x 10 ', M, = I ,  6, = 1, E N n  = 0.5 

I I 

critical point is taken. This has a A(') > at  d ' )  and therefore 
the change from one wave curve to another does not create 
uniqueness problems. Similarly, a t  d2) where the r-wave curve 
intersects the = 0 p-wave curve, A(') < A'"). However, since 
the final segment of the composition route always turned out to 
be a p-discontinuity, the more relevant condition is that A(') I 
A(p) either from u(*) to us+ or u,+ as the case may be. This was 
always found to be true. 

The importance of the critical point in the (P, R )  composition 
plane is evident now. The apparent nonuniqueness shown by the 
simple wave curves in the composition plane is resolved by 
having a single critical point in the case of discontinuity curves. 
The only acceptable r-wave curve from a ON, = to a BNa = 0 
passes through the critical point as long as &, L BNa at  the 
critical point. If this is not the case, from condition 52 and 
uniqueness requirements, it is obvious that the permissible 
r-wave curve is one which becomes tangential to the p-wave 
curve of &, = @La. Thus, whatever be the values of 
short-cut numerical procedures are possible whereby the ident- 
ification of the critical point alone yields suficient information 
about the r-wave curve of interest. Extensive mapping of the 
discontinuity curves throughout the (P. R) has been shown to be 
unnecessary. 

Knowing the composition route, the wave fans are easily 
drawn in the (z, T )  plane. Corresponding to each composition 
along a simple wave curve of the composition route, a line of 
slope A(') is drawn from the origin. This represents the composi- 
tion velocity. For discontinuities, the wave-fan diagram is simply 
a line of slope A(k)  for the origin. With the combination of both 
the wave fans and the composition route, the construction of 
solutions both in terms of history and profile is straight forward. 
Unfortunately, unlike the zero adsorption case, no simple 
graphical procedure seems evident when &a > ON, a t  the 
critical point. If @La is less than this value, the familiar tangent 
construction as outlined by Pope (1980) for polymer and low 
concentration surfactant flooding can be used. 

Paramet r ic  s tudy 
Before we proceed to discuss the profiles and histories, let us 

first examine the effect of adsorption on the oil recovery process. 
For this purpose, the (P, R )  composition planes in Figures 3 and 
4 which employ the same parameters Fd, M,, and tNa are 
useful. 

.. 
DIMENSIONLESS DISTANCE 

Figure 6. Dependence  of secondary  recovery profiles on 
CN.CI' 
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Figure 7. Secondary recovery cumulative oil production 
at different CN,,,. 

The infleunce of adsorption is evident from the predicted 
ultimate oil recovery. Comparing Figures 3 and 4 it is obvious 
that adsorption can play a detrimental role. The well separated 
d ’ )  and d”) in Figure 3 are almost coincident in Figure 4. Note 
that d”) remains the same in the two figures and that the 
composition route switches to the r-wave curve at  u(’ )  itself. 
Thus, by decreasing the value of S, at  d’ )  adsorption reduces the 
ultimate oil recovery. This result is different from what is 
commonly perceived to be the effect of reversible adsorption 
when a constant composition solution is continuously injected- 
namely delayed and less efficient oil production. Apparently, the 
reduction in the ultimate oil recovery is caused by the increased 
chemical front movement rate with increaisng pia values, which 
in turn reduces the influence of the otpimum region in determin- 
ing oil removal from the medium. 

The data of Bunge (1982) show that if the NaCl concentra- 
tion of the system is reduced the adsorbed N a  is increased. This 
would be reflected by a delay in the chemical front movement for 
a decreased NaCl concentration. Such a situation is illustrated 
in the secondary recovery profile plot of Figure 6 .  

Reduction in salt concentration and the resulting lag may not, 
however, cause a less efficient oil recovery process. This is 
because a reduced salt concentration moves the injected NaOH 
concentration closer to the optimum region (compare Figures 4 
and 5 )  or in turn to the critical point. Indeed, this may reduce 
the detrimental effect of adsorption. To show this, we have 

0 5  10 

DIMENSIONLESS DISTANCE 

Figure 8. Secondary recovery profiles at different injec- 
tion NaOH concentrations. 
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Figure 9. Secondary recovery cumulative oil production 
at different injection NaOH concentrations. 

plotted the cumulative pore volumes (PV) of oil production 
curves with and without adsorption for two different salinities of 
EN, = 1 .O and 0.5 in Figure 7. When there is no adsorption, there 
is virtually no effect of reducing tNa, because in both cases the 
optimum region plays a dominant role in recovering oil. When 
reversible ion exchange takes place, however, the increased role 
played by the injection composition (due to the reduced influ- 
ence of the optimal region) in determining recovery reduces the 
ultimate amount of oil displaced. This reduction is significant 
for EN, = 1 because the injection composition here is far away 
from the critical point. 

The same features as in the varying salinity case are also seen 
when we change pia from 1 ot 0.5 (see Figure 8 and 9). Here the 
sodium front a t  a pia = 0.5 lags behind slightly. Nevertheless, 
since a &a = 0.5 is nearly coincident with the critical point, oil 
continues to be swept behind the chemical front. Because the 
state d2) is the same for any &, as long as it is above the critical 
PNa, the frontal saturation discontinuity from d2)  to us+ propa- 
gates a t  the same velocity for 

The tertiary recovery profiles and histories for varying NaCl 
concentrations are shown in Figures 10 and 1 1 ,  respectively. As 
expected, the conclusions reached earlier through secondary 
recovery calculations are seen to be valid here. The prediction 
that a EN, = 0.5 recovers oil more effectively can be arrived at  by 
studying the oil bank. For a ENa = 0.5, the oil bank not only 
produces oil more rapidly, but it also propagates faster and ends 

= 1 .O and 0.5. 
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Figure 10. Tertiary recovery profiles at different CNaCI. 
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Figure 11. Tertiary recovery cumulative oil production at 
different C,,,,,. 

later than the one for ,$", = 1. These are also indicated by the 
cumulative oil production curves. 

In  the case of varying inlet NaOH concentration, oil produc- 
tion begins at the same time as long as @:a is above the PNa a t  the 
critical point. Figure 12 illustrates this for @:,s = 1.0 and 0.5. 
For these two inlet concentrations of NaOH, even the rate of 
production due to oil bank formation is the same. But for a 
DNA = 0.5, the oil bank is longer and hence oil production 
continues for a longer time. In fact, since @ka = 0.5 is very close 
to the critical point, oil is produced in significant quantities even 
after Na breakthrough. In Figure 13 this is shown by the slightly 
curved line after an injection of about 1.1 pore volumes of 
aqueous phase. 

At this stage it should be emphasized that the viscosity ratio 
remains a dominant parameter in determining both the eficiency 
and the efectiveness of the process. To show this we have plotted 
the profiles and histories with adsorption effects in Figures 14 
and 15. Qualitatively, the profiles show the same effects as in the 
zero ion exchange case. From the production curves of Figure 
15, however, i t  appears that the advantages of a higher ultimate 
oil recovery at  lower viscosity ratios is partially lost due to 

DIMENSIONLESS DISTANCE 

Figure 12. Tertiary recovery profiles at different injection 
NaOH concentration. 
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Figure 13. Tertiary recovery cumulative oil production at 
different injection NaOH concentration. 

adsorption. This is again because of the decreased role that the 
optimal region plays in determining oil recovery. However, as 
seen in Figure 15 adsorption appears to delay oil production 
more in the case of unfavorable mobility ratios. 

Conclusions 
Inclusion of mineral/alkali interactions leads to apparent 

nonuniqueness when the simple wave curves are analyzed; this is 
resolved by an analysis of discontinuity curves which in turn 
gives rise to a critical point. The presence of the critical point 
leads to simple numerical procedures for the construction of the 
solution. 

*Reversible ion exchange leads to a delay in the chemical 
front whenever the NaCl or the inlet NaOH concentration is 
decreased. This is consistent with earlier literature. 

Adsorption reduces the influence of the optimal region in 
recovering oil; therefore, a faster chemical front using higher 
NaOH and NaCl values can actually be detrimental to ultimate 
oil recovery. Thus, the choice of a faster front competes with 
that of a higher oil recovery. 

I I I 1  

Vol. 36, No. 5 735 



0 15 

n 

n 

w 
V 
3 

g 0.10 
a 
-I 

5 
ll. 
0 
> a 

0.05 
> 
l- a 
-I 
3 z 

- 

3 
0.0 

I 

-WITH 4OSOdPTlON r-------- A --- WITHOUT 4OSORPTION 

I 

/ 

D 0.5 I .o 1.5 

DIMENSIONLESS TIME 

Figure 15. Effect of viscosity ratio on tertiary recovery 
cumulative oil production. 

*There is a small reduction in the advantages of using a 
favorable mobility ratio as far as ultimate oil recovery is 
concerned. However, this is offset by the prediction that the 
commencement of oil production is affected more in the case of 
unfavorable viscosity ratios. 

The last two conclusions imply that computation specific to a 
system have to be made before a choice of NaOH and NaCl 
concentrations is made. 
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Notation 
a,, = fitted constant as in Eq. 9 
anz = fitted constant as in Eq. 8 

C , ,  = fixed NaOH concentration for normalization 
Cz, = fixed NaCl concentration for normalization 

A = coefficient matrix 

C, = injection concentration of NaCl 
C, = electrolyte concentration 

C(H,,,)O = original concentration of HA in oil 
C, = concentration of species i 
f = adsorbed fraction at  the fluid-fluid interface 

f N  = fractional flow of aqueous phase 
F = fixed state fractional flow 
k = Boltzmann constant 

k ,  = adsorption rate constant 
k,  = desorption rate constant 

K A  = acid dissociation constant 
K,, = acid distribution ratio 
K, = Langmuir adsorption constant for N a  
K ,  = overall salt equilibrium constant 
K,, = salt equilibrium constant 
K,, = salt distribution ratio 
K, = dissociation constant of water 

1 = arbitrary parameter along a wave curve 
L = Length of the core 

nA = adsorbed A- at  the fluid-fluid interface 
Ti,, = adsorbed Na per unit volume of solid 

nmrl = maximum unit area adsorption at  fluid-fluid interface 

ii, = saturation adsorption of Na  per unit volume of solid 
N = Avagadro number 
R = gas constant 

r(’) = eigenvector of family i 
S = fixed state saturation 
S‘ = S for discontinuity curve through critical point 

S,, = residual water 

S,  = aqueous phase saturation 
S:c,,m = maximum residual oil in ordinary waterflood 

t = time 
T = temperature 
u = dependent variable vector 

u’‘) = dependent variable at some state k 
u,’ = secondary recovery initial state 
u,’ = tertiary recovery initial state 

V = overall Darcy velocity 
W = energy barrier for desorption 
x = distance from the inlet edge of the core 
z = dimensionless distance 

Greek letters 
PNa = normalized sodium concentration 
P i a  = normalized injection sodium concentration 

= simple wave curve of family i 
rcr) = k th simple wave curve arranged by magnitude 

6, = normalized surface active species concentration 
e = electronic charge 

co = permittivity of vacuum 
cr = relative permittivity of the medium 
{ = dimensionless Langmuir adsorption constant 

qh., = dimensionless derivative of adsorption isotherm 
K = dimensionless saturation adsorption 

A‘” = eigenvalue of family i 
4“’ = discontinuity velocity of family i 
A‘’’ = defined by Eq. 47 

Eha = normalized NaCl concentration 
u = solid to void volume ratio 

T = dimensionless time 
# = porosity 
$ = potential in the double layer 

Subscript 
o = denotes oleic phase species 
w = denotes water or aqueous phase species 

Superscripts 
p = denotes positive side 
m = denotes minus side 
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